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Abstract 
The paper presents a numerical study to investigate the effect of the viscous dissipation of laminar flow through a straight regular 
polygonal duct on the forced convection with constant axial wall heat flux with constant peripheral wall temperature. Both the 
wall heating case and the wall cooling case are considered. Applying the velocity profile obtained for the duct laminar flow and 
the energy equation with the viscous dissipation term was exactly solved for the constant wall heat flux using the Boundary 
Element Method (BEM). Nusselt numbers were obtained for flows having a different number of sides of a regular polygonal duct 
and Brinkman numbers. 
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of ICCHMT2016. 
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1. Introduction  
The effect of viscous dissipation of laminar forced convection in ducts has been investigated by many authors. 
The temperature distribution in a circular tube due to the energy dissipation of viscous flow was first analyzed by 
Brinkman [1]. Taygi [2] investigated the effect of viscous dissipation on the fully developed laminar forced 
convection in circular, equilateral triangular and elliptic tubes with constant wall temperature. Zanchini [3] studied 
the asymptotic behavior of laminar forced convection in a circular tube, for a Newtonian fluid at constant properties 
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by taking into account the viscous dissipation effects. Barletta and Rossi di Schio [4] analyzed the laminar forced 
convection with viscous dissipation in a circular duct with axially periodic wall heat flux. Aydin [5,6] performed a 
wide study on the effect of viscous dissipation on the fully developed laminar forced convection in a circular tube 
with constant heat flux and constant wall temperature. Avci and Aydin [7] studied the effects of the viscous 
dissipation on steady state laminar heat transfer in the concentric annular pipe flow. Morini et al. [8] analytically 
determined the temperature distribution in the cross-section of a rectangular duct, under the conditions of Newtonian 
and incompressible fluid with viscous dissipation. Morini and Spiga [9] analytically calculated the Nusselt numbers 
in a rectangular duct, in fully developed laminar flow with viscous dissipation, for any combination of heated and 
adiabatic sides of the duct. The problem of flow in a trapezoidal microchannel tube with viscous dissipation effect 
has been solved by Morini and Spiga [10] using a Rayleigh-Ritz-Galerkin finite element method. The steady state 
laminar heat transfer with viscous dissipation in a plane duct has been investigated extensively in references 
[11,12,13]. 
 
Nomenclature  
A cross sectional area, m2 
Brq Brinkman number defined by equation (6) 
cp specific heat capacity, J/kg/oC 
Dh hydraulic diameter, m 
k thermal conductivity, W/m/K 
L wetted perimeter of the cross-section, m 
n number of sides of a regular polygonal duct 
Nu Nusselt number defined by equation (9) 
Nu0 Nusselt number when Br=0 
p pressure, Pa 
Re Reynolds number 
qw total wall heat flux density, W/m2 
qvd wall heat flux density generated by viscous 
dissipation, W/m2 
u velocity, m/s 
T temperature, oC 
x,y,z Cartesian coordinate, m 
Greek symbols 
 P  dynamic viscosity, kg/m/s U  density, kg/m3 V  shape coefficient for Brq 
)  viscous dissipation function, Pa/s 
Subscripts 
 
b bulk 
m mean 
s singular 
w wall 
vd viscous dissipation 
 
 
The aim of this work is to investigate the effect of viscous dissipation on laminar forced convective flow in a 
regular polygon ducts with a different number n of sides. Shahsavari et al. [14] provided a compact relationship for 
variation of Nusselt number with number of sides of a regular polygonal duct for forced convection. No compact 
relationship was found for the Nusselt number vs the Brinkman number and n for a regular polygonal duct for forced 
convection with viscous dissipation. The influence of Brinkman on the Nusselt for different values of n is obtained 
for the constant wall heat flux boundary condition. 
2. Mathematical model 
In this section, the governing equations and boundary conditions are presented. Reference will be made to the 
laminar, incompressible and forced convection in a straight duct for a Newtonian fluid with a constant thermal 
conductivity k and a constant dynamic viscosity P  with a fully developed profile of velocity and for flow with 
negligible gravitational effects. With these assumptions, the continuity (1), momentum (2) and energy equations (3) 
for steady, two-dimensional flow in duct are 
u
0z
z
w  w    (1) 
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where )  is the viscous dissipation term and uz is the axial velocity. A schematic diagram of the duct, coordinate 
system and its boundary conditions are shown in Fig.1. 
 
 
 
 
 
 
 
 
Fig. 1. Schematic diagram for the regular polygonal duct conjugated problem. 
At first the Poisson equation (2) is solved by the boundary integral method [15]. The velocity is required the no-slip 
condition on the channel wall u=0. In the second part of that method the energy equation (3) is solved by BEM. The 
axial gradient w T/ w z is independent of x and y. Note that equation 3 includes the Dirichlet or H1 condition 
(temperature) and Neumann or H2 condition (heat flux density), and neglect the axial heat conduction in the fluid: 
( ), qT T L q q   (4) 
( ), T
T
q k q L
n
w   w q q   (5) 
This paper presents numerical results for the H1 condition (constant axial wall heat flux with constant peripheral 
wall temperature). 
 
3. Analysis and modelling 
The Brinkman number definition proposed by Brinkman [1] for a laminar flow, is defined according to the boundary 
condition. The Brinkman number is the ratio of the heat generated by viscous forces to the heat transferred by 
conduction at the walls. The Brinkman number, which is based on the wall heat flux density is given by 
2
Br mq
h w
u
D q
P   (6) 
where the mean velocity is equal to 
1
um
A
udA
A
 ³³   (7) 
where A is cross sectional area and where the wall heat flux density is defined as 
1
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L
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L
 ³ q q   (8) 
The wall heat transfer q(q) is negative, showing that the fluid is cooled by the wall, and positive wall heat transfer 
showing that the fluid is heated by the wall. The Nusselt number is defined as 
Y
X Z
u ( , )z x y
A
TL
q
p
rpq
qL
174   Tomasz Janusz Teleszewski and Slawomir Adam Sorko /  Procedia Engineering  157 ( 2016 )  171 – 176 
 
4
,w h h
w b
q D A
Nu D
k T T L
     (9) 
when velocity field and temperature distribution are known, the fluid bulk temperature is obtained as 
1
u
ub m A
T TdA
A
 ³³   (10) 
The wall heat flux density, velocity field and temperature distribution for H1 boundary conditions were determined 
by the BEM. The numerical values were obtained by the computer program, written by authors, in Fortran using 
1000 constant elements. Aydin [5,7] provided a compact relationship for Nu and Brq* for the circular duct 
2
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where r0 is a radius of pipe. We point out that in this paper the Brinkman number refers to the hydraulic diameter Dh. 
Morini and Spiga [10] provided a similar of this general relationship for noncircular ducts: 
0
[10]1 q
Nu
Nu
BrV    (12) 
where Nu0 is the value of the Nusselt number when Brq=0 and V [10] is a parameter depending on the geometry of the 
channel cross-section. As such, a similar relationship is proposed for determining the Nusselt number in regular 
polygonal channels subject to H1 conditions 
0
01 q
Nu
Nu
Nu BrV    (13) 
where the shape factor V  is a parameter depending on the number n-sided regular polygonal ducts. For a circular 
tube with uniform heat flux the analytical value of V  is equal to 1 and the fully developed average Nusselt number 
Nu0 is equal to 48/11 [3]. The Nusselt number Nu0 and the shape factor V  for regular polygonal ducts can be 
expressed in closed form as: 
2 3
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V         (14) 
where a, b, c, d, e, f, g, h coefficients are reported in Table 1. Table 2 presents the numerical results Brq which are 
compared with analytical results for circular tube [5,7]. Figure 2 is the graphical representation of Nusselt versus 
Brinkman number Brq for the regular (n=3, 4, 5, 7 and 1000 sided) polygonal duct. 
Table 1. Coefficients of the Eq. (14) to determine the Nusselt Nu0 and shape factors in regular polygonal ducts. 
Coefficients of the Eq. (32) a b c d e f g h 
Nu0 -4.5307 -4.5576 3.3346 2.7139 1.0000 0.8659 0.7731 0.6219 
V  0.9193 -0.6928 0.12666 -0.010517 1.0000 -0.7082 0.1277 -0.010518 
Table 2. Comparison between numerical Nu versus Brq obtained in this paper with the analytical results for circular duct found in literature. 
Brq Nu - present results Nu - refs. [5,7] 
-0.05 5.582 5.581 
-0.01 4.563 4.563 
0 4.364 4.364 
0.1 3.038 3.038 
1 0.814 0.814 
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Fig. 2. The influence of Brq, on the Nu with n 
    
4. Results and discussion 
The Brinkman number is used to determine viscous dissipation effects in duct flows. The effect of the Brinkman 
number on the Nusselt number is obtained for laminar flow through a straight regular polygonal duct with uniform 
heat flux. The total wall heat flux qw is the sum of the heat flux transferred to the walls qw and the heat flux 
generated by viscous dissipation qvd. Figure 2 elucidates the Nusselt number versus the Brinkman number Brq in 
channels of regular polygonal ducts for different n parameters. As the Reynolds number is increased, the variation of 
Nu with Brq can be divided into several parts and points respectively. When Brq=0 then Nu is the value of the 
Nusselt number for forced convection without viscous dissipation (Nu=Nu0, qvd=0). When 0<Brq<+f , qw and the 
temperature difference ' T=Tw-Tb are positive, the fluid is heated by wall heating and Nu reaches an asymptotic 
value 0 (Brqof ). When -f <Brq<Brqs, qw is negative (wall cooling case), the temperature difference is positive 
and Nu is negative. Negative Nusselt number means that the heat flux generated by viscous dissipation qvd is higher 
than the heat flux transferred to the walls and the temperature difference is positive. The singular point of Brinkman 
number Brqs of regular polygonal duct can be expressed as -1/(V Nu0). For Brq, with the increasing value of n, Brqs 
increases. When Brq rises to infinity in either direction (wall heating case and wall cooling case) the Nusselt number 
attains the same asymptotic value Nu=0. Total wall heat flux qw and the temperature difference ' T=Tw-Tb are 
positive in the range of Brqs<Brq< Brqvd. When Brq=Brqvd then Nu is the value of the Nusselt number for qvd/qw | 1. 
For a circular tube with Brqvd the analytical value of Nu is equal to 48/5 [3,16,17]. 
5. Conclusions 
In the present study, the heat transfer problem for the laminar viscous dissipation of flow through a straight 
regular polygonal duct with uniform heat flux has been studied. A simple correlation between the Nusselt number 
and the Brinkman number has been proposed for regular polygons with a different number of sides. When total wall 
heat flux or the difference in temperature between the wall temperature and the fluid bulk temperature is negative, 
then the fluid is cooled by the wall. When total wall heat flux and the difference in temperature are positive then the 
fluid is heated by the wall. The functions of the Nusselt number with the Brinkman number generated some 
singularities. For the Brinkman number referring to the total wall heat flux density, with the increasing value of n, 
Brqs increases in the range of 3 d n<f . 
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